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Three- and Five-Dimensional Considerations of the
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We study the algebraic and differential geometric structures of three- and five-
dimensional *g-unified field theory, with emphasis on the five-dimensional
*g-unified field theory, in which we derive a new set of powerful recurrence
relations which hold in a five-dimensional generalized Riemannian manifold
X5, prove a necessary and sufficient condition for the existence and uniqueness
of the solution of the system of the Einstein equations in the first two classes,
and find a precise tensorial representation of the Einstein connection I'}, in
terms of *g*”. :

1. INTRODUCTION

In Appendix II to his last book Einstein (1950) proposed a new unified
field theory that would include both gravitation and electromagnetism.
Although the intent of this theory was physical, its exposition was mainly
geometrical. It may be characterized as a set of geometrical postulates for
the space-time X,. The geometrical consequences of these postulates were
not developed very far by Einstein.

Characterizing Einstein’s unified field theory as a set of geometrical
postulates for X,, Hlavaty (1957) gave its mathematical foundation for the
first time. The geometrical consequences of these postulates have been
developed quite far, mainly by Hlavaty.

Generalizing X, to n-dimensional generalized Riemannian space X,,,
Wrede (1958) studied Principles A and B given below. But his solution of
our (2.8b) is not surveyable, probably due to the complexity of the higher
dimensions. Later, Mishra (1959) also investigated the n-dimensional gen-
eralization of Principle A, using n-dimensional recurrence relations. The
lower dimensional cases of the usual Einstein unified field theory were
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investigated by many authors. The four-dimensional case was studied by
Hlavaty (1957) and many other geometricians, the two-dimensional case
by Jakubowicz (1969) and Chung et al. (1983), and the three-dimensional
case by Chung et al. (1979, 1980, 1981a,b).

The four-dimensional *g-unified field theory in X, was first introduced
by Chung (1963). This theory is convenient for investigating Principle C
given below. Later, he generalized this theory to the n-dimensional case
(Chung, 1982).

The purpose of the present paper is to study the structure of the three-
and five-dimensional *g-unified field theory. All our investigations and
considerations are concerned with Principles A and B.

This paper contains six sections, Section 2 introduces some preliminary
notations, concepts, and results in X,,. Section 3 deals with some relations
in X,, which will be needed in subsequent considerations. Section 4 is
devoted exclusively to the algebraic and differential geometric structures of
three-dimensional *g-unified field theory for all classes in X;. In Section
5 we investigate and study similar topics as in the previous section for the
first two classes of five-dimensional *g-unified field theory in X, mainly
considering the derivation of a set of special recurrence relations and the
solutions of the system of Einstein equations. In the last section we investi-
gate mainly the solution of the Einstein equations for the third class of
n-dimensional *g-unified field theory when n=4.

All considerations in the present paper are for all possible classes and
indices of inertia.

2. PRELIMINARIES

This section is a brief collection of basic concepts, notations, and results
needed in further considerations. All considerations in this section are for
general n> 1. For these results see Chung (1982), Hlavaty, (1957), Mishra
(1959), and Wrede (1958).

2.1. n-Dimensional *g-Unified Field Theory

The n-dimensional *g-unified field theory (n-*g-UFT hereafter),
originally suggested by Hlavaty (1957) and systematically introduced by
Chung (1963), is based on the following three principles.

Principle A. Let X, be an n-dimensional generalized Riemannian mani-
fold, referred to a real coordinate system x” obeying coordinate transforma-
tion x” - x", for which

ox’

#0 2.1
i (2.1)
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In the wusual Einstein n-dimensional unified field theory (n-g-UFT
hereafter), the manifold X, is endowed with a general real, nonsymmetric
tensor g,,, which may be decomposed into a symmetric part h,, and a
skew-symmetric part k,,,’

. =M+ ki, lga.|#0, |yl #0 (2.2)

However, the algebraic structure in our n-*g-UFT is imposed on X, by the
basic real tensor *g*” defined by

g, *g" =g, *g" =8, (2.3)

It may also be split into a symmetric part *h*” and a skew-symmetric part
*Er

*gh =AY LR (2.4a)
[*g*”|#0, [*a* |0 (2.4b)

In virtue of the second relation of (2.4b), we may define a unique tensor
*h)\p. by

*hy, ¥h =8, (2.5)
In our n-*g-UFT, we use both *h,, and *h*”" as the tensors for raising
and/or lowering indices of all tensors defined in X, in the usual manner,

with the exception of the tensors g,,, h,,, and k,, in order to avoid
notational confusion. We then have

>kk/\p. = *kﬂﬁ *h)\a *h,u.B) *g/\y. = *g“ﬁ *h/\u *h/.LB (2.6&)
so that
*g)\p. = *h/\u. + *k)\p (2.6b)

Principle B. The difterential geometric structure is imposed on X, by
the tensor *g*” by means of a connection I';, that obeys the transformation
rule

3*x” - oax” ax* ax*

— =1 —-T7 ; ; 2.7
ax* ax* MEaxm T M ax gxt (2.7)

and satisfies the system of equations
D, *g"" =-28;,%g" (2.8a)

*Throughout the paper, Greek indices are used for holonomic components of a tensor, Roman

indices for the nonholonomic components of a tensor. In X,, all indices take the values
1,...,n and follow summation convention with the exception of nonholonomic indices
X, ¥zt
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where D, denotes the covariant derivative with respect to I';,, and
St =T 29)

is the torsion tensor of I',,. In virtue of (2.3), the system (2.8a) is equivalent
to the original system of Einstein equations

Dwg/\y. =2SZug/\a (2'8b)

Principle C. In order to obtain *g*” involved in the solution for I'},,
certain conditions are imposed. These conditions may be condensed to

S/\:Sf\(azo, R =R§;LA=6[,U,VA]

LA
where V, is an arbitrary vector, and

R:,‘L,\ =26[#F|‘;‘jw]+2ri[wr|ﬁ,

1]

The following remarks should be added concerning the usual n-g-UFT.

Remark 2.1. In n-g-UFT, the algebraic structure is imposed on X,, by
the tensor g,,., and the tensor h,, and its inverse h"* are used for raising
and/or lowering indices in X,. In this theory the differential geometric
structure is imposed on X, by g,, by means of the same connection I'J,
satisfying (2.8b).

Remark 2.2. When the system (2.8) admits a unique solution, the
connection I';,, will be represented in terms of the tensor

*g  in n-*g-UFT
& in n-g-UFT

In our further considerations, the following scalars, tensors, abbrevi-
ations, and notations are frequently used:

g=g.l#0,  b=[*h,[#0, = *kn,| (2.10a)
g=4g/b, k=1/b (2.10b)
K, =*kfy*k&,  (p=0,1,2,--") (2.10¢)

(0)*’(,'\':8;, (1)*ki=*kz, (p)*kK:(p_”*kff *kz (2.10d)
Kupo =V, ¥k, +V, %k, +V, *keow (2.10e)

a={0 if niseven (2.100)

1 if nis odd
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Here V,, is the symbolic vector of the covariant derivative with respect to
the Christoffel symbols *{,’,} defined by *h,, in the usual way. The scalars
and tensors introduced in (2.10) satisfy

Ky,=1; K,=k if n is even; K,=0if pisodd (2.11a)
g=1+K,+ - +K,_, (2.11b)
(p)*k)‘# — (_l)p (p)*k“)\, (P pAv (—1)” (p)*kv)- (2.11¢)

Furthermore, we also use the following useful abbreviations, denoting
an arbitrary tensor T, skew-symmetric in the first two indices by T:

7 (P)# g ( o
T =T,0= Tug, Pk OB (%) (2.12a)
000
T=T,,=T (2.12b)
par par par (pa)r par qpr

2Tw[Ay.] = Tw/\p.— Twu)\y 2 Tw)\,u. = Tw;\p+ Tm/\y., etc.
We then have
par qpr
Tw/\u: _T/\wu (2.13)
2.2. Algebraic Preliminaries

In this section several algebraic concepts and results in n-*g-UFT are
introduced.

Definition 2.3. The tensor *g,, (or *k,,) is said to be:

1. Of the first class if K,,_,#0
2. Of the second class with jth category (j=1) if

K2j #0, K2j+2 = K2j+4: =K, ,=0
3. Of the third class if K, =K,=---=K,__,=0.

The solution of the system of equations (2.8a) is most conveniently
brought about in a nonholonomic frame of reference, which may be intro-
duced by the projectivity

MA” = *k, A" (M a scalar) (2.19)

Definition 2.4. An eigenvector A" of *k,, that satisfies (2.14) is called
a basic vector in X,,, and the corresponding eigenvalue M is termed a basic
scalar.
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The basic scalars M are solutions of the characteristic equation
MM+ K,M" 7"+ +K, , ;,M*+K, ,)=0 (2.15)

In each class the nonholonomic frame of reference may be constructed
as follows.

Case 1. First and second classes. In the first two classes we have a set
of n linearly independent basic vectors A” (i=1,...,n) and a unique

reciprocal set A, (i=1,..., n) satisfying
AAN =8, AA =8 (2.16)
With these two sets of vectors we can construct a nonholonomic frame of

reference as follows:

Definition 2.5. If T} are holonomic components of a tensor, then its
nonholonomic components are defined by

T; =Ty:A,...A\ .. (2.17a)
An easy inspection shows that

Ty =TiA". .. A,... (2.17b)

Furthermore, if M is the basic scalar corresponding to A" then the
nonholonomic components of ”*k} are given by

(p)*ki = M?s! (p)*kx'_ =M? *hxi (p)*kxi = MP *pH (2_183)
Without loss of generality we may choose the nonholonomic components
of *h,, as

*h :*h = .:*hn— —a'n*(rzl
e e (2.18b)
o*h,, =38, remaining *h; =0
where the index i, is taken so that |*h;|# 0 when n is odd.

Case 2. Third class. In the third class, the above frame is not available,
since all M=0 in this case, and hence another nonholonomic frame of
reference should be constructed. In the frame of reference of the third class,
the basic scalar satisfy

A=A, AR =AY i_;**k::o, f=3,4,...,n (2.192)
1 2
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for n=4. Without loss of generality we may choose the nonholonomic
components of *h,,,, when n=4, as

Ao
#hyy=Fhyy=*hss=*heg =+ - =*h,, = —Fh,=—1 (2.195)
remaining *h; =0
We then have
ey = F k2= Rk = *k P = 1
remaining *k;, *k/, *kV =
(2.19¢)

(p)>x<k‘1t = (p)*k“ = (Pl A4 55
remaining "*k;, V¥, P¥k7 =0 (p=2)

2.3. Differential Geometric Preliminaries

In this section we exhibit several results needed in our subsequent
considerations for the solution of (2.8a).
If the system (2.8a) admits I'},, it must be of the form

Ly ="+ S5, tU5, (2.20)
where
100 (10)0
U,,ML=S(,\#),,+2S,,( Ap) (221)

The above two relations show that our problem of determining I',,, in terms
of *g"” is reduced to that of studying the tensor S},
On the other hand, it has also been shown that the tensor S}, satisfies

(110}
S=B-3 § (2.22)
where
2B, = Koo +3K g0 k2 k5 (2.23)

In subsequent sections we start with relation (2.22) to solve the system (2.8a).
Furthermore, for the first two classes, the nonholonomic solution of
(2.22) is given by

MS,,, = B,,. (2.24a)
xyz .
or equivalently

AMS,. =2+ MM+ MM)K .+ M(M+ MK, + M(M+ M)K,.. (224b)

z X
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where

M=1+ MM+ MM+ MM (2.25)

xyz x y y z z x

Therefore, in virtue of (2.24), we see that a necessary and sufficient
conditions for the system (2.8a) to have a unique solution in the first two
classes is

M#0 forall x,y,z (2.26)

xyz

3. SOME RELATIONS IN n-*g-UFT

In this section we derive several useful relations in X, mainly recur-
rence relations. All considerations in this section are for general n> 1.

Theorem 3.1. (All classes.) We have
A=A, *h*h™, A, = A" *hY *h,, (3.1)

Proof. In virtue of (2.5), (2.16), and (2.17a), the first relation of (3.1)
is given as follows:

Ay Fhy *hY = Ay (Fhag A" APYERN = A% (Fh,, *hV)8% = AY R
i j i i

Theorem 3.2. (First and second classes.) In the first two classes, the
tensor T,,,, skew-symmetric in the first two indices, satisfies

(pq)r z

Topo= ¥ TxyZM(”]yI‘”M’;lw/ylMA,, (3.2a)
=, !
Tl = ¥ TauMOMOMAA A, (3.20)
where "
21)\(4(;;1})4@ — 1)\(,[1’1}\),14 + qulyp (3_20)

Proof. In virtue of (2.17b) and (2.18a), our assertion (3.2a) takes the
form
(pq)r (pa)r

y z
Tmy_y = Z Txyz AmAy.Au
xy,.z
i j i iy (r X % 4
— Z %I‘jk((p)*kx (q)*k{v_‘_ (q)*kx (p)*kjy) ( )*k’z(AwA“A,,

x5,z

LY T (MPM+ MM’ )M'A,ALA,
x,p:2 x oy x oy z

The second relation can be proved in similar ways. M



Geometry of Einstein’s *g-Unified Field Theory 1113

Theorem 3.3. (First class.) The main recurrence relation in the first
class is

("+”)*k; -+ K2 (n+1142)*k; 4. '+Kn—o'42 (p+<r+2)*k: + Kn—o' (p+")*kK =0

(3.3a)
which may be condensed to
T KTIRE=0 (=012, (3.3b)
=0

Proof. Let M be a basic scalar. Then, in virtue of (2.15), we have

Y KM =0 (3.4)
=0 X

Multiplying by 8’ on both sides of (3.4) and making use of (2.18a), we have
Y K "KL =0 (3.5a)

f=0

whose holonomic form is

Y K ¥y =0 (3.5b)

f=0

The relation (3.3) immediately follows by multiplying by ”’*k’ on both
sides of (3.5b). W

Theorem 3.4. (Second class with jth category.) The main recurrence
relation in the second class with jth category is

(2j+p)*kK +K, (2j+p—2)*k; R sz (p)*k:\' =0 (3.6a)
which may be condensed to
2j )
Y K Frepr =0 (p=1,2,..) (3.6b)
=0
Proof. When *g,, belongs to the second class with jth category, the
characteristic equation (2.15) is reduced to
5 2 _
Y KM =M"YY KM¥7=0 (3.7a)
=0 f=0
in virtue of Definition 2.3. Hence, if M is a root of (3.7a), it satisfies

2j ) 2j )
0=MY KM/ =% KM/ (3.7b)
x f=0

x 5o



1114 Chung and Hwang

Multiplying by 8} on both sides of (3.7b) and making use of (2.18a) we have

% . .
Y K YR =0 (3.82)
f=0

with holonomic form
2 .
Y K PR =0 (3.8b)
f=0

The relation (3.6) follows by multiplying by ?=D¥k¥ on both sides of
(3.8b). W ,

Remark 3.5. As a particular case of (3.6), we have
PH2xpy + K, P*Ey =0 (p=1,2,...) (3.9)
when *g,, belongs to the second class with the first category.

Theorem 3.6. (Third class.) The main recurrence relation in the third
class is

Wy =0  (p=3,4,...) (3.10)

Proof. Relation (3.10) is a direct consequence of putting K,=0 in
39). 1

In the following theorem, we prove two relations in X, that hold for
all classes. These relations are used in subsequent sections, when we are
concerned with the solution of (2.8a).

Theorem 3.7. (All classes.) We have

(pg)yr  (pg)r  (p'q'yr (p'@)r"  (pg)r

B=S+ S+ S+ S (3.11)
(pq)r (pq)r r"(pq) . (pg"r’ (p'q)r’ r'p'q r'q'p ]
2 Buu = Kupo + Koot 3 Kopo + Koo + Koo+ Koupr)  (3.12)
where

p'=p+1, qg'=q+1, F=r+l, r=r+2 (3.13)

Proof. In virtue of (2.22) and (2.12), the first relation (3.11) may be
obtained in the following way:

(pq)r  (pq)r

B =B

wpy

:%BaBy((m*kZ (q)*kﬁ + (q)*kz (”)*kﬁ) (r)*kz
:%(Saﬁv_*_sfnv ke *kE+SFBn *k; *kz'*_sﬂ?n *k;i *kz)

x ((P)*kg (q)*kﬁ+ (q)*k:v) (p)*kﬁ) (r)*kz
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After a lengthy calculation, we note that the right-hand side of the above
equation is equal to that of (3.11). Similarly, we can verify (3.12) by using
(2.12) and (2.23). N

4. 3-*g-UFT

In 3-*g-UFT we have only two classes; the first class, when K,#0,
and the third class, when K,=0. In 3-*g-UFT relation (2.11b) gives

g=1+K, (4.1)
This section is concerned with the three-dimensional *g-unified field
theory, with emphasis on the nonholonomic frame of reference, recurrence

relations, and the Einstein connection in the first class. Hence, in this section
we restrict ourselves to n =3,

4.1. Basic Vectors and Nonholonomic Frame of Reference in the
First Class

Theorem 4.1. The basic scalars are
M=—M= (—K,)"?, M=0 (4.2)
Proof. In 3-*g-UFT, the characteristic equation (2.15) is reduced to
M(M*+K,)=0 (4.3)
from which our assertion follows. W

Theorem 4.2. There are three linearly independent basic vectors
/11”, ’?V’ 1;\”, and they have the following properties:

(a) They are defined up to an arbitrary factor of proportionality.
(b) 1;\” and é\” are null vectors and 1;4" is nonnull.

(c) 3,A" is perpendicular to 1;4” and 24".
(d) ,;4” and z;{" satisfy the condition

P, A A %0 (4.4)
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Proof. Since the basic scalars M are all distinct, (2.14) admits three

linearly independent basic vectors A”, which are defined up to an arbitrary
factor of proportionality. The first half of statement (b) is a consequence
of (2.14), (4.2), and

M*h, A A" =¥k, A'A* =0 (x=1,2)

Since ]§4+ 1)\(/[# 0 (x =1, 2), statement (c) follows from (2.14) in the following
way:
M 04 = o 04 = =M A0

Inorderto provesstatement (d), consider a conic C withequation *h, . x*x* = 0
on a projective plane P,. In virtue of statement (b), ,;&" and z?" are two
different points on C, and *h,\”/ll" = I;AH is the tangent line to C at /;1”. Since
[*hy,.|# 0, C is nondegenerate. Consequently *hAM;{" =A, and A* are not
incident; that is, *h,\,kz;ﬁ"é;éo. In order to show the last half of statement

(b), assume that *h)‘”é)‘?“ =0. Then, statement (c) gives
[*hy|=0=>|A"" = 0=>|A"| =0

which contradicts the linear independence of A”. W

Agreement 4.3. We may choose the factor of proportionality mentioned
in Theorem 4.2 as

*hlzz*h33: 1 (4.5)

This agreement is coincident with (2.18b).

In virtue of Theorem 4.2 and the above agreement, we have the
following result:

Theorem 4.4. The nonholonomic components *h; and *h" are given
by the matrix equation

0
((*hy)) = ((*h")) = 0 (4.6)
1

O = O
[l
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Relation (3.1) together with (4.6) give the following result:
Theorem 4.5. We have

1 2 3

3
A= gv, éy = A,,’ I?V = A’ A= é)\, A, = 1;4)\, A, = I?A (4.7)

1

As an application of the nonholonomic frame of reference constructed
in the above discussion, we have the following:

Theorem 4.6. The representations of *h,,, Py (”)*k)\,“ and (PxEr
in terms of basic vectors are given by

*hy, = 2}4( Mf\”, + ixAixM (4.8a)

P = MP(AA+(=1)PA,47) (4.8b)

21&4”;4“1%4“) if piseven
Pk, = o . ‘ (48¢)
| 2]}/IPA[AA if pisodd

#®]

2MPAMAY if piseven
W=y (4.84)
121}4&;&“;&"1 if pis odd

Proof. The representations (4.8) follow from (2.17b) in virtue of (4.2),
(4.6), and (4.7). B

4.2. Recurrence Relations in the First Class

In this section we derive several recurrence relations in addition to
(3.3), which now in the first class of 3-*g-UFT assumes the form

PR = —K, PT*EL (p=0,1,2,...) (4.9)

Theorem 4.7. The basic scalars M satisfy (x # y)

MM(M+M)=0 (4.102)
x y x y
MM(MM-K,)=0 (4.10b)
x y xy

Proof. These relations follow easily from (4.2). W

Theorem 4.8. (Recurrence relations.) If T,,,, is a tensor skew-symmetric
in the first two indices, then the following recurrence relations hold in the
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first class of 3-*g-UFT:

(12)r 22r 11r
T =0, T=KT (4.11a)
r{12) r22 ril
Lpow1 =05 Toop) = Ko Togun (4.11b)

Proof. The above relations are consequences of (3.2) and (4.10). For
example, the second relation of (4.11a) can be proved as follows:

22r 22r 9 5 rx v oz
T=T,w= % T,MM"MAALA,
x y z

XY,z

=K, ¥ T..MMM'A,AA,
x y z

x,y.z
11r 11r
=KT,.=K, T 1
4.3. Einstein Connection I';, in the First Class

In this section we derive two surveyable tensorial representations of
S,. and hence I'}, in terms of *g** employing the recurrence relations
(4.11) and the relations (3.11) and (3.12a).

Theorem 4.9. A necessary and sufficient condition for the system (2.8a)
to admit a unique solution I';, is that

1-(K,)*#0 (4.12)

Proof. Since M defined by (2.26) is symmetric in x, y, and z and satisfies
xXyz

M=1, M=M=1-K,, M=M=M=1+K,

33x 3n 322 123 112 122
we have the condition (4.12) in virtue of (2.27). W
Theorem 4.10. The system of equations (2.22) is reduced to a system
of the following five equations:

(10)1 110

B=S+2 8§ + 8§

o1 a1 (202 112
B=S+S+S

110 110
B=(1+K;) S (4.13)
(20)2 (202 12

_ , (o) B 1
B =(K,) §+ § -K,S$

112 112
Proof. This assertion follows from (3.11), using (4.9) and (4.11a). W
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(pq)r
Theorem 4.11. The tensors B,,, are given as linear combinations of
(pg)r
K,.. as follows:

(10)1 0)1 1)2 (20)2 211 101
w;/.v = kwy.ll Z(kwp.v my.u + Kv[wy.] - K2 Kv[wp.])

110 110

124 = Kw;l.v

(4.14)
(20)2 0) ) 202
kwy.u %[(KZ)Z kwp.v K2 Kv[a»y] - KZKV[my.]]
112 112
2 wpv = wpY

Proof. These relations may be obtained from (3.12) in virtue of (4.9)
and {4.11). B

Theorem 4.12. If the condition (4.12) is satisfied, the unique solution
of (2.22) is given by
2 (10)1 110 (20)2 112
[1-(K,)’N(S—B)=—2 B +(K,—-1)B+2 B +2B  (4.152)

or equivalently

110 200

[1 - (KZ)Z](ZSwp.V - Kw;u! - Kv[wpu.] - KV[w[.L]
(10)1 112 (20)2 211
=- Wy wpy wpy Kv[wp.]
101 112 202
+(K2—l) w#,,+K2(K,,[wM]—K,,[wu]*—K,,[m’u]). (4.15b)

Proof. Relation (4.15a) is the solution of (4.13), while (4.15b) may be
obtained by substituting (4.14) into (4.15a) and making use of recurrence
relations. W

Theorem 4.13. The tensor Uj, is given by
030 (10)0
[1 - (K2)2]( Uv)\u, %/\y,v V( Ap)
0]2 [21]0 {0271 [21]2
:—KZ(%AMV-‘I—sz(AM))-F(KZ_1)B/\;4u B/\[J.V+B/\}LV
(20)1 111
~2B

or equivalently

(4.16a)

vikp) v(Ap)

(10)0

1
[1 —(Kz)z](z UVA;L+k)\;LV v()\}l.)
1]0 271 112
= (KZ &(/\p,v kt\p.ll kAuu

(10)2 (20)1 111

—2(K2 V(A;L)_KV(A,AL)—KV(/\;L)) (4-16b)
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Proof. The representations (4.16) are direct consequences of substitut-
ing (4.15) into (2.21). M

Now that we have obtained the tensors S}, and U}, in terms of *g”,
it is possible to determine I'},, by only substituting for S and U into (2.20).

4.4. The Third Class

In this section we discuss the algebraic and differential geometric
properties of the third class of 3-*g-UFT.

The third class of 3-*g-UFT was studied by Chung et al. (1980, 1981a,b).
Since most results in 3-*g-UFT are similar to Chung’s results in the third
class, we simply state them without proof.

Theorem 4.14. There is a one-parameter set consisting of three linearly
independent real vectors /11”, é&”, 154”, which satisfy the following relations:

*ka¥=0, *sz;9=;\”, *kig&‘a;&" (4.17)
1 0 0

(Ghy)=(*R")={0 0 -1 (4.18)
0 -1 0

Theorem 4.15. We have

A=A, A=-A", A'=-A"

1 2 3

(4.19)

1 2 3
Ay = I?A, A, = _I?A, A, =—-A,
Theorem 4.16. The nonholonomic components **ki, "*k, and ‘"’*k?

are given by
*k%=*k;=*k3l = —*k13=*k12= L |
ik = P, = ¥ =50 (p=1,2,...) (4.20)
remaining =0

Theorem 4.17. The tensors *h,,, P*k;, P*k,,, and “*k*” may be
expressed in terms of the basic vectors as follows:

11 2 3
Fhy =AVAL —2AA,, (4.21a)
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PHLY = 52(A, A"+ A, AY) + 5 A,A” (4.21b)
3 1 3 3

Pk, =267A0A,,— 85A,A, (4.21¢)

(P Ay = 2591\“/24”’ - agé\*/}" (4.21d)

Theorem4.18. 1f T,,,, is a tensor skew-symmetric in the first two indices,
we have (r=0,1,2,...)

(12)r

7 =0 (422a)
T=0 (4.22b)
T =2Y TiAL A A, DFK 4.22¢)
Wiy Z 12i e Ap ]ty X ( .£2C
Tors =3 TiAwAuA, OFK, 4224
wpy Z 12i Mo u] e x ( - )

(10)

r 3 2 1 3 X .
Twy.l/ = z (TIZiA[wA;/.]+ T23iA[wAp.])Av (’)*k;c (4'226)
X

Theorem 4.19. The following relations hold:

002 (101 (10)2 a2)r 22r 11r 20)r 121 022

K=K=K=K=K=K=K=K=K=0 (4.23a)

(pqir

K =0 if at least one of p, g, r is =3 (r=0,1,2,...) - (4.23b)
Theorem 4.20. We have

200

2B,,..=K,,..,tK

wur T Doy vlwpl

(4.24)

Theorem 4.21. The system (2.22) always admits a unique solution,
namely

i 1200
Swy.v :in}LV-*—EKV[a)p.] (4-25)

Proof. From (3.12) and (4.23) we have

110 (10)1

B= B =0 (4.26a)
so that

11

0 (10)1

§ =0 (4.26b)

il
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Comparing (4.26b) and (2.22), we finally have (4.25). W

5. 5-*g-UFT. THE FIRST AND SECOND CLASSES

In 5-*g-UFT there are three classes; the first class when K,#0, the
second class when K, =0 and K, # 0, and the third class when K,= K, =0.
In this case, relation (2.11b) gives

g=1+K2+K4

In this section we investigate the first two classes of 5-*g-UFT. Hence
all considerations in this section are restricted to n=35.

5.1. Basic Vectors and Nonhelonomic Frame of Reference

Agreement 5.1. For the simplicity of our discussion, we assume in this
and in what follows that

K,=0 (5.1)

Theorem 5.2a. (First class.) In the first class, the basic scalars are
given by

M= —1¥1=(—L—K)‘/2¢0
(5.2)
1§4= —1:4= (L-K)"?30, 1§4=0

where

K=K)/2, L=[(K)/2)-K]"* (5.3)

Proof. For the first class of 5-*g-UFT, the characteristics equation
(2.15) is reduced to

M(M*+ K,M*+K,)=0 (5.4)
from which our assertion follows in virtue of (5.1) and (5.3). W

Theorem 5.2b. (Second class.) In the second class the basic scalars are
given by

1§4=—1§4=(—K2)‘/2¢0, M=M=M=0 (5.5)
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Proof. Relations (5.5) are simple consequences of substitution of K, =0
into (5.2). W

Theorem 5.3. In the first two classes there are five linearly independent
basic vectors 1;4”, ey 1;4”, which have the following properties:
(a) They are defined up to an arbitrary factor of proportionality.
(b) A%, ..., 1;4” are null vectors, while /5\” is nonnull.
1
(c) A” and é” are perpendicular to /31” and 1:\”. And 1;1” is also
1
perpendicular to 1;&”, cey 1;4”.
(d) They satisfy the conditions

FhAAYEO, Ty A0 (5.6)

Proof. The proof follows by a similar pattern to that of Theorem 4.2. W
The following theorem immediately follows from the above theorem.
Theorem 5.4. In the first two classes, the factor of proportionality

mentioned in Theorem 5.3(a) may be chosen in such a way that the
nonholonomic components *h; and *h” are given by

01000
1 0 0 0 O
(“hg))=((*h")={0 0 0 1 0 (5.7)
0 01 00
0 0 0 01
Relation (3.1) together with (5.7) give the following result:
Theorem 5.5. (First and second classes.) We have
2 1 4 3 5
A’ =A%, A’ = A", A=A, A=A, AV =A"
1 2 3 4 5
(5.8)

1 2 3 4

AA=1‘2\,\, Ax=é,\, A,\=é)\, A)\z-’?/\a IZA:A/\

As an application of the nonholonomic frame of reference constructed in
the above, we have the following theorem. The representations are con-
sequences of (2.17b), (5.2), (5.7), and (5.8).
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Theorem 5.6. In the first two classes, the tensors *h,,,, P*ky, W%k, ,,
and ®*k*” may be expressed in terms of basic vectors as follows:

* 1 2 3 4 5 5
h,\u =2A(,\AH‘)+2A(AAM)+A,\A’L (5.9a)
1
DA = MPLAA +(-1PAA" 1+ MTAA" +(-1PA,4"]  (5.9b)

1 2 3 4
o 21}/[”A(AAM+2]§4”A(AA“) if piseven
PPl = (5.9¢)
T 2 3
IMPALA+2MPAGA,, i p s odd

2MPACAY +2MPA*AY if piseven

Ty B 3 (5.9d)
2MPAP A 4 2 MP AT A7) if pisodd
1 1 2 3 3 4

5.2. Recurrence Relations
In this section we derive several useful and powerful recurrence rela-
tions in addition to (3.3) and (3.6), which now in 5-*g-UFT take the form
(p=0,1,2,...)
Py = — K, PHIERY K, PTDERY for first class  (5.10a)

PH3dk gy = K, PHDEEY for second class. (5.10b)

The following two theorems are simple consequences of (5.2) and (5.5).

Theorem 5.7a. (First class.). In the first class the basic scalars M satisfy

M+M= M+ M=0, (5.11a)
1 2 3 4
MM= MM= MM= MM=0 (5.11b)
15 2 5 3 5 4 5
M>M?= M>M*= M’M*= M*M*>=K, (5.11¢)
1 3 1 4 2 3 2 4
M2+ M?= M>+ M?= M*+ M= M*+ M=K, (5-11d)
1 3 1 4 2 3 2 4
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Theorem 5.7b. (Second class.) In the second class the basic scalars M
satisfy (x,y=3,4,5) ¥

M+M=M+M=0 (5.12a)
I}/II;/I= K, I}/IM= I;/IM= MM=0 (5.12b)
x x x y
In virtue of Theorems (5.7a) and (5.7b) we have

Theorem 5.8a. (First class.) In the first class, the following identities
hold for all values of x and y when x # y:

MYMY = -MCM? - K, MCMY (5.13a)
x y x v x y
M“M®» =K, M®M"Y (5.13b)
x y X y
M*M=(K,))’M*M*+ K, M°M*+2K, MCM" (5.13¢)
x ¥ x y X y x y
2MYM? = —M*M? -~ K, M*M*+ K, MM (5.13d)
x y x y X y Xy
Furthermore, we also have
K, MYMY+ K, M*M® = ~K, M2 M? (5.14a)
x ¥y x y X y
K, M*M*+2K, M“M? =[(K,)* - K, JM*M*+2K,K, M®M"
x y x y x y X y
+ (K, MM (5.14b)
x y
M*M*+2K, MUM? =[K,~(K,))IM*M?*+2K,M®M"
x y x y x y x y
+ K, K, MM (5.14¢)
x y
Proof. In order to prove (5.13a), consider
de
B = MM(M+ M)(M>+ M?)
Xy x y X ¥
In virtue of (5.11d), we have

B=-2K, M®M" (5.15a)
x y
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On the other hand, direct algebraic calculation gives
B=2M“M"+2MCM? (5.15b)
x y x y

Thus, comparison of (5.15a) with (5.15b) yields (5.13a). For the proof of
(5.13b), we consider

MM(M+ M)M>M?
x y x y x y

and use the same pattern as the proof of (5.13a), making use of (5.11¢). In
order to prove (5.13c), put

def
C = MM(M+ M)(M*M+ MM?*)
x y x y X y x ¥y
Making use of (5.13a) and (5.10a), we have
C=—-4M°M"(M®M? + K, M*M")
x ¥y X y X y
=-2(M°M” + M*M*+ K, M“M? + K, M’ M)
x ¥y x ¥y X y x oy
=2(K, M®+ K, MYM® - 2M*M* 2K, M*M? -2K, M*M’®
x x y x y X ¥y x ¥y

=2K, M'M? - 2M*M*-2K, M“M? (5.16a)
x ¥y x y x v
On the other hand, direct algebraic calculation gives
C=2M°“M?+2M°M?
x y X y
=—2(K, M“*+ K, M®)M? -2(K, M®+ K, M) M?
x x y X x y

=—2K, M*M? - 2K, M*M* 2K, M’ M* 2K, M"M>  (5.16b)
X y x y x y x y

Comparing (5.16a) and (5.16b), one gets (5.13c). Finally, consider the
following form in order to prove (5.13d):

D = MM(M+ M)(M*M* + M>M*)
X y x ¥y x ¥y x ¥y
The relation (5.13b) gives
D = K (M>M+ MM?)=2K, M“M? +2K, M’ M’ (5.17a)
x y x ¥y x y x v

while by a direct algebraic calculation making use of (5.10a) and (5.13c)
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we have

D=2M°M*+2M°M°
x y x y

=-2(K, M®+ K, MP)M* +2(K, M*+ K, M)(K, M*+ K, M)
x x y X x y

y

=-2K,(K, M*M*+ K, M°M*+2K, M®MV) 2K, K, M*M?
x y x y X y x ¥y
+2(K,)*M>M?+2(K,)>MM+4K,K, MCM"Y
x y x y x y

=-2K,K, M*M?*-2K, M®M? +2(K,)> MM (5.17b)
x » X ¥y x y

Since K, # 0, comparison of (5.17a) and (5.17b) gives (5.13d). The relations
(5.14) are direct consequences of (5.13). W

Theorem 5.8b. (Second class.) In the second class the following iden-
tities hold for all values of x and y when x # y:

M*M?*= K,MM (5.18a)
x y x y

M®@MV =0 (5.18b)
x y

Proof. The assertions in this theorem are direct consequences of
(5.12). ®

Now we are in a position to establish the following recurrence relations,
which may be proved simultaneously.

Theorem 5.9a. (First class.) If T,,, is a tensor skew-symmetric in the
first two indices, then the following recurrence relations hold in the first class:

4)r (32)r nr

T=-T-K, T (5.19a)
(43)r Qhr
T=K, T (5.19b)
44r 22r 33r Gur
T=K, T+K, T+2K, T (5.19¢)
42)r 33r 22r i1r
2 T=-T—-K, T+K, T (5.19d)
Furthermore, the following identities also hold in the first class:
' (41r (a3)r @3)r
K, T+K, T=-K, T (5.20a)

44r (42)r

33r 31)r 11r
K, T+2K, T =[(K,)’-K,T+2K,K, T +(K,)> T (5.20b)
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44r (42)r 5 22r G1)r 117
T+2K, T =[K,—(K,)))] T+2K, T +K,K, T (5.20¢)
Theorem 5.9b. (Second class.) If T,,, is a tensor skew-symmetric in
the first two indices, then the following recurrence relations hold in the
second class:
21)r
T =0 (5.21a)
@2)r 11r
T =K, T (5.21b)
Proof. The proofs of the above two theorems follow from (3.2a), (5.13),
and (5.18). For example, the relation (5.19a) may be obtained as follows:

41)r (41)r (a n JX ¥ oz

T =T,.,= Y T,.MM'MAAA,
X,z x y z

z

A,

e

= 3 T.(-M°M"-K, M‘W”)M’}iw/ﬁ
x,y,z X x F4

(32)r Qur . (32)r 2U)r
:_Tw“,,_Kz Tw;u/::— T —‘Kz T
5.3. Einstein Connection I'},,

In this section we obtain surveyable representations of I'},, in terms of
*g” using the recurrence relations derived in the preceeding section.

Theorem 5.10a. (First class.) A necessary and sufficient condition for
the existence and uniqueness of the solution of (2.8a) in the first class is

gAB(C*—4K,D*) #0 (5.22)

where
A=1-K,+K,, B=1-K, (5.23)
C=1-K,+5K,, D=K,-2 (5.24)

Proof. In virtue of (5.2) and (5.3), the symmetric scalars M defined by

xXyz
(2.26) take the values shown in Table 1. It may be easily verified that the
product of two factors in the first row in Table 1 is g, that of the five factors
in the second row is (1 — K,+ K,)}{1 - K,), and that of the four factors in
the third row is (1— K,+5K,)*—4K,(K,—2)*. Hence we have proved our
assertion (5.22) in virtue of (2.26), (5.23), and (5.24).

Theorem 5.10b. (Second class.) A necessary and sufficient condition
for the existence and uniqueness of the solution of (2.8a) in the second
call is

1—-(K;)*#0 (5.25)
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Table I
Values of indices x, y, z M
Xyz
Two of the indices x, y,z are 1, 2 or 3, 4 1+K+L,1+K~-L
At least one of X, y, z is 5 and no two take 1-K+L,1-K—-L 1+vK,,1-VK,, 1
the values 1,2 or 3, 4
The remaining cases 1-K-L-2vK,,1-K+L~-2VK,,

1-K-L+2JK,;,1-K+L+2VK,

Proof. The assertion of this theorem may be obtained by simply sub-
stituting K, =0 into (5.22) and (5.23). W

Theorem 5.11a. (First class.) The system of equations (2.22) is reduced
to the following 25 equations:

(10)1

110
B=S+S§8+2 S

(10)1 (1001 Q@m (2002 112

B=S+S8S+8+S

(12)1 (12)1 (23)1 222 (1%)2

R R L
(20)2 (20)2 (31)2 (30)3 2n3
: S L S

Qin 23n 21 112 222

(2u1 332
2B =28 +2K, S +S+K,S-K, S

(13)2 (13)2 112 2 332 (21)3

2B =2"8"+k, 'S -k, 5§ 2k,

(303 (30)3 (21)3  (32)3 (404 (314
B = h S S

S -K, § -

(213 (U3 (32)3  (Gu4 224
B=S+ S+ 8§+

(32)3 (32)3 114 224 334

(21)
B =28 +2K, §$+K, §-K, T+

(40)4  (40)4 31) Q) 3001

(31)4 114 (30)3 (10)3 (
B - S _K2 S _K4 S+K2 S +K2K4 S +K2K4 S

(1031 21)3 (211 (32)3 G
+K, S +K, S +K,K, S +K, S +K,
21) 224 334

4 3 211 114
2 B=2 8 +2K, S +2K,K, S +K, S—-K, $—-8§
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301 (30N D1 (32)1  (40)2  (31)2

B=S-K, §S-8§+S5S+ S

(2004 (2004 (314 (30)3 30)1 QD3 @m

B - S + S _K2 S _’K4 S _K2 S "”K4 S

(40)2  (40)2 (312 112 (30)3 (10)3 23 G3

B =S _KZ S '—'K4 _K2 S —K4 S "‘Kz S - S
(5.26)

110 110 220 (21)1

B=S+8§+2 §

112 112 222 (21)3

B=S+S+2

222 222 332 (32)3

B=S+S§8+2 §

332 332 222 (21)3 (31)2
224 224 334 (32)3 32)1
B=S+8-2K, § -2K, §

114 114 224 3 21
B=S+S8-2K, § -2K, S
334 334 224 G4 (21)3 , @

220 220 330 (3231

B=S+S+2 S

330 31 2nt

330 220 (31)0

31o 3Bno 110 220 330 Qi

2 B=2 S +K,S-K, S-S§-2K, §

Proof. This assertion follows from (3.11) using (5.10a), (5.19), and
(5.20). ®

Theorem 5.11b. (Second class.) The system of equations (2.22) is
reduced to the following five equations:

110

(g
B=S+2 S + S

(1031 (10)1 (20)2 112
B =

=80
) 20)2
Bk S+ -k, S (5.27)

110 110

112 12
B=(1+K,) S
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Proof. The above equations may be obtained from (3.11), using (5.10b)
and (5.21).

Theorem 5.12a. (First class.) If the condition (5.22) is satisfied, the
unique solution of (2.22) is given by

gAB(C*—4K,D*)(S — B) = (1~ Ky+ 5K, B+2[1~2K,+(K,)* ~ 5K,]B

where

B=

1

B

B

222 0
- B+ z( +K4 _g +B)+(K2—1)
220 114 2224
[ B+K, B+3K,(K,)* B]

(10)3

220 330 2 314 (40)2
+KJ[2B-K,B-B+2(K,’ B +K,K, B +4 B

10)
+k(B+2 "B —ak, "B

(20)4

+[(K2)2—1+K4](2 B —B K, B)

220 332 330
+(K,~1+2K,)[ B+ K, B+2(K,)*K, B]

N

5 (3 0)1 (20)2 1

2[(K4)2B+ 5 +K, 3 +(K,) ~K, B1+K, B

(40)4 222

+(1+ K,)[2K, ‘B "+(K)* B+3K, B 1- B

220 G1o 5 (13)2 (30)3

-KJB+K, B +2(K,)> B +K,K, B ]
(12)1 110
+(1+K,)(1+3K,)(2 B - B)

310

(K4)2B+2 B +[2K,— (Kz)]B+K2[B+(K4)2 B ]

(azn ( (32)3

220
+K4[K2 B_2 B + "‘(Kz)z B +K2K4 B ]
Py 110 330 334

(10)3 220 (2301

-K{(1+K,)[2 B - B-K, ‘B +(K2)2 B .

(5.282)

(5.28b)

(5.28¢)

(5.28d)

Proof. Equations (5.28a)-(5.28d) represent the solution of the system
(5.26). This solution was obtained by using the Gauss-Jordan elimination
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method, employing the MV/8000 II Super-Mini-Computer at Jeonju Uni-
versity. W

Theorem 5.12b. (Second class.) If the condition (5.25) is satisfied, the
unique solution of (2.22) is given by

(20)2

(10)1 110 112
[1-(K,))(S=B)=-2 B +(K,—-1)B+2 B +2 B (5.29)
Proof. Equation (5.29) is the solution of the system (5.27). W

Now that we have obtained the tensors Sj, in terms of *g"*, it is

possible to determine the tensor U7, by (2.21) and the connection I'}, by
only substituting for $ and U into (2.20).

6. THE THIRD CLASS OF n-*g-UFT FOR n=4
In this section we investigate the third class of n-*g-UFT. All consider-

ations in this section are for general n=4.

6.1. Basic Vectors and Nonholonomic Frame of Reference

Theorem 6.1. The basic scalars M are given by

1}/1=---=1'\'/I=0 (6.1)
Proof. For the third class of n-*g-UFT, the characteristic equation
(2.15) is reduced to
M"=0 (6.2)
from which our assertion follows. W
The following theorem immediately follows from (2.19b).

Theorem 6.2. The nonholonomic components *h; and *h” are given
by the matrix equation

0O 0 01 0
0 -1 0 0 O
0O 0 -1 0 O 0
. 1 0 0 0 0
*h VY= ((*h")) = 6.3
(Ch)=(RD=| 0 o o o (6.3)
-1

-1
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The relation (3.1) together with (6.3) give the following result:
Theorem 6.3. We have (i=2,3,5,...,n)

1

Iéy = AV, é" = A", AV = _AV’ A/\ = é)n

A)\ = Iél\a AA = _A,\ (6.4)

As an application of the nonholonomic frame of reference constructed
in the above, we have the following:

Theorem 6.4. The tensors *h,,, P*k;, ¥k, ,, and “*k* may be
expressed in terms of basic vectors as follows (p=1,2,...):

1 4 n x x
*hy, =2A0A,, - EBSAAA“ (6.5a)
PrEy = 5’1’(,&/2\” + fZ\A{}”) + 8’5&4}" (6.5b)
(p)*k _25:’3 A +5P/11};
ap = 201ANRALT 0A,A, (6.5¢)
(B pue 26‘1’1?[’\1;4V]+ 512»1;4'&13" (6.5d)

Proof. The relations (6.5a)-(6.5d) follow from (2.17b) in virtue of (6.3),
(6.4), and (2.19¢). W

(pa)r
6.2. Recurrence Relations and the Tensor K,

In this section we derive several recurrence rele)ltions in addition to
(pq)r

(3.10) and investigate the properties of the tensor T,,,, which we need in
the next section.
Theorem 6.5. (Recurrence relations.) If T, is a tensor skew-symmetric

in the first two indices, then the following recurrence relations hold in the
third class of n-*g-UFT: :

(12)r

T =0 (6.6a)
22r
T=0 (6.6b)
Proof. The proof of (6.6a) and (6.6b) is based on the following relations:
(pq)r (pq)r x y z
Towo = L Toyx ALALA,
X, v,z

:% 29“‘ T;'jk((p)*k; (q)*kj}')_{_(q)*k; (p)*k{)) (r)*kl;;f‘wj&#;‘u (6.7)

X )52
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In virtue of (6.7), (2.19¢c), and the skew-symmetry of the tensor T,,,, W

can derive (6.6a) and (6.6b) in the following way:
Qdr ® z
12w v __2 Z (*k' @) kj +(2)*kr *k’) (r)*k A #AV
X9,z

z

1 1
=%Z (T24k + T42k) (r)*k’z(AwA;LAV =
2

. . x y z
m,w_ Z T (2)>}<k;c (2)*k§, (r)*kf A A A,

7
X2
=Z T44k (r)*k’z( Zw;‘&y/zu = 0
Theorem 6.6. The following relations hold (r=0,1,2,...)

K.[24] = Ky34= K343=0 (6.8a)

022 43 122 22r @
=% =0

111 121

K=K= K =K-= (6.8b)
(pq)r
K =0 if at least one of p, g, r is =3 (6.8¢)

Proof. Relation (6.8a) is a direct consequence of (2.10e) and (2.19c¢).
The relations (6.8b) are consequences of (6.7) and (2.19¢). For example,

the second relation of (6.8b) may be proved as follows:
Ropo = T Ky *k' Q%I ¥k AL ALA,

X,z

WL
1 1 1 1 1 2 2 1 1 2 12
= KyA, AMAII + K244Aw A,LAV + KA, A,LAV + Ky14A, A,LAV
1 1 1 1 1 2
= K224Aw A}LAV - K442A¢u A,u.Au =0
The relation (6.8¢c) follows easily from (6.7), using (3.10). W

6.3. Einstein Connection I'},

In this section we obtain a simple tensorial representation of I'}, in
terms of *g*”, using the recurrence relations and results derived in the

preceding section.

Theorem 6.7. We have

112 (20)2
= B =0 (6.9a)
112 (20)2

= 8§ =0 (6.9b)
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Proof. Relation (6.9a) is obtained from (3.12) by using (6.8b) and
(6.8¢). Relation (6.9b) also may be obtained from (3.11) by using (3.10)
and (6.9a2). B

Theorem 6.8. The solution of (2.22) is given by

(110)

S=B-3 B (6.10)
Proof. From (6.6a), (3.11), and (6.9b), we have

110 (110
'§' =B (6.11)
Comparing (2.22) and (6.11), one gets (6.10). W
(pq)r

Theorem 6.9. The tensor Uy, is given by a linear combination of B, ,:

{1o0]o oz [1230 ONo 02]1
UV/\/.L = BAp.V+ B)\y.v+ B)\;;.V+2(BV(A/.L)_ V()\;l.)) (612)
Proof. Relation (6.12) follows from (2.21), making use of (6.8b), (6.8c),
and (6.10). W

Now that we have obtained the tensors S}, and U3, in terms of *g*,
it is possible to determine the connection I';, by substituting for § and U
into (2.20).

Theorem 6.10. The Einstein connection I'}, in n-*g-UFT is given by

(110) [1030 [02]1 [12]0 (01)0 [o211

Iy, =*{x}+ BX.~3 B}, + B3, + B}, + B}, +2(B{,,,— B{,,,) (6.13)
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